Abstract. The (relativistic) center of mass of an asymptotically flat Riemannian manifold is often defined by certain surface integral expressions evaluated along a foliation of the manifold near infinity, e. g. by Arnowitt, Deser, and Misner (ADM). There are also what we call abstract definitions of the center of mass in terms of a foliation near infinity itself, going back to the constant mean curvature (CMC-) foliation studied by Huisken and Yau; these give rise to surface integral expressions when equipped with suitable systems of coordinates. We discuss subtle asymptotic convergence issues regarding the ADM-and the coordinate expressions related to the CMC-center of mass. In particular, we give explicit examples demonstrating that both can divergein a setting where Einstein's equation is satisfied. We also give explicit examples of the same asymptotic order of decay with prescribed mass and center of mass. We illustrate both phenomena by providing analogous examples in Newtonian gravity. Our examples conflict with some results in the literature.
Introduction and general considerations
Isolated gravitating systems are individual or clusters of stars, black holes, or galaxies that do not interact with any matter or gravitational radiation outside the system under consideration. Intuitively, they should have a (total) mass and a (total) center of mass. We will demonstrate how delicately different notions of (total) center of mass described in the literature depend on the decay of the matter near 'infinity', i. e. far away from the main constituents of the system. Let us begin by stating (somewhat vague) definitions of isolated gravitating systems to be made precise in Sections 3 and 4. Isolated gravitating systems have been studied intensively both in Newtonian gravity (NG) and general relativity (GR). In Newtonian gravity, an isolated gravitating system is described by a matter density function ρ : R 3 → [0, ∞) that decays suitably fast at infinity. It is useful to introduce the Newtonian potential U solving the Poisson equation
where we have set the gravitational constant G to 1. U inherits its decay from ρ. In general relativity, isolated gravitating systems are modeled as asymptotically flat 3-dimensional Riemannian manifolds (M 3 , g) equipped with a symmetric (0, 2)-tensor field K suitably decaying at infinity in the asymptotic end of the manifold. In addition, an isolated gravitating system carries a suitably decaying mass density Here, tr and div denote the trace and the divergence with respect to g, respectively. Collecting all the above pieces of information, we say that an isolated gravitating system in GR is a so-called initial data set (M 3 , g, K, ρ, J) of suitable decay and satisfying (4) and (5). However, many properties of initial data sets (M 3 , g, K, ρ, J) such as e. g. mass and center of mass can be defined using only the Riemannian variables (M 3 , g) and we will frequently switch back and forth between the initial data and the Riemannian perspectives. Also, we will explicitly name and denote the asymptotic coordinate chart whenever it seems helpful. This paper is concerned with delicate decay considerations related to the (total) center of mass (CoM) of isolated gravitating systems in GR and NG, the latter being regarded as an indicator of phenomena and an incubator for ideas. At the same time, we will illustrate some more or less well-known analogies between the notions of center of mass in NG and GR, see Figure 1 . When considering the center of mass, we will always implicitly or explicitly assume that the related mass is strictly positive. This is both a technical (as many definitions of center of mass divide by the mass) and a physically reasonable assumption.
1.1. Mass in NG and GR. In NG, the mass and the center of mass of an isolated gravitating system are conventionally determined by volume integrals of the matter density ρ and the weighted position vector ρ x over the entire space R 3 , respectively, see (8) and (9). The question whether the center of mass is well-defined thus depends on the integrability properties of ρ x in the sense of indefinite Riemann integrals (in spherical polars). On the other hand, as ρ is essentially a divergence by (1), the volume integrals for mass and center of mass can be rewritten in terms of surface integrals 'at infinity', see Section 3.
When an isolated gravitating system is modeled as an initial data set in GR, its (total) relativistic mass, the so-called ADM-mass introduced by Arnowitt, Deser, and Misner [ADM61] , is given by a surface integral expression 'at infinity', see (11). The ADM-mass is known to asymptotically correspond to the volume integral over the scalar curvature R in a sense made precise e. g. by Bartnik [Bar86] . Namely, for any suitably asymptotically flat Riemannian manifold (M 3 , g), the ADM-mass m ADM converges if and only if the volume integral R dV is finite (when taken over a suitable neighborhood of infinity). In particular, the ADM-mass is independent of the particular asymptotic coordinate chart used to compute the ADM-or the associated volume integral. The volume integral´R dV is conceptually related to the Newtonian mass volume integral´ρ dV via (4).
Center of mass in GR.
We now proceed to discussing the (total) center of mass of isolated gravitating systems in GR. First, let us remark that the contemporary literature knows several definitions of such a center. Several authors define the center of mass of an initial data set (M 3 , g, K, ρ, J) as a foliation near infinity of the corresponding Riemannian manifold (M 3 , g) with total mass m > 0. We will call such definitions abstract to contrast what we will call coordinate definitions of center of mass, see below.
The first such abstract definition was given by Huisken and Yau [HY96] , who defined the CMC-center of mass to be the unique foliation near infinity by closed, stable surfaces with constant mean curvature, see Section 4. This was motivated by an idea of Christodoulou and Yau [CY88] . Lamm, Metzger, and Schulze [LMS11] subsequently used a unique foliation by spheres of Willmore type. In the case of static isolated gravitational systems with compactly supported matter, the first author used level sets of the static lapse function to define an abstract center of mass [Ced12, Chap. 3, 5] . We will interpret the foliation near infinity by level sets of the Newtonian potential as an abstract center of mass in NG in the same spirit, see Section 3 and Figure 1 .
Chen, Wang, and Yau recently suggested a new definition of (quasi-local and total) center of mass of isolated gravitating systems which is constructed from optimal isometric embeddings into Minkowski spacetime [CWY13, Def. 3.2] .
Other definitions of relativistic CoM assign a specific center of mass vector z ∈ R 3 to an isolated gravitating system. The vector z can be pictured to describe a point in the target R 3 of the asymptotically flat coordinate chart. The specific vector z in the various constructions depends on the choice of coordinates near infinity (i. e. in the asymptotically flat end of the manifold) -at least a priori. In particular, the CoM vectors z transform appropriately under Euclidean motions applied to the chosen asymptotic coordinates. To distinguish such definitions from the abstract definitions described above, we will call them coordinate centers of mass.
The most important coordinate centers of mass in view of this paper are the (coordinate) ADM-and the coordinate CMC-center of mass. The ADM-center goes back to Arnowitt, Deser, and Misner [ADM61] and Beig andÒ Murchadha [BM87] and is constructed in analogy to the ADM-mass, see Definition 4.4. The coordinate CMC-center of mass is constructed from the abstract CMC-center and was suggested by Huisken In the context of static isolated gravitating systems with compactly supported matter, the first author defined a 'pseudo-Newtonian' (quasi-local and total) coordinate center of mass and proved that it coincides with the coordinate CMC-and ADM-centers of mass (in appropriate geometric asymptotic coordinates). The coordinate pseudo-Newtonian and thus the coordinate CMC-and ADM-centers of mass converge to the Newtonian one in the Newtonian limit c → ∞ [Ced12, Chap. 4, 6] . This further justifies the ADM-and CMC-definitions of center of mass.
The ADM-center of mass expression is known to asymptotically correspond to the volume integral of the scalar curvature R integrated against x, i. e. for any C 2 -asymptotically Schwarzschildean Riemannian manifold (M 3 , g, x ), the ADM-center of mass z ADM converges if and only if the volume integral R x dV is finite (when taken over a suitable neighborhood of infinty), see Corvino and Wu [CW08] , Definition 2.3, and page 16. As for the ADM-mass, the volume integraĺ R x dV is conceptually related to the Newtonian integral´ρ x dV via (4).
1.3. Critical order of decay. The Newtonian and relativistic center of mass volume integrals´ρ x dV (NG) and´R x dV (GR) clearly converge whenever the matter density ρ and the scalar curvature R decay faster than r −4 as r → ∞ (by Lebesgue's theorem on dominated convergence). If they decay more slowly, in particular exactly at the critical rate r −4 , the center of mass volume integrals will only converge under certain additional conditions. For example, the Newtonian integral converges (in the sense of indefinite Riemann integrals in spherical polars) if ρ is even or asymptotically even as defined on page 9. Accordingly, the relativistic integral converges (in the same sense) if the Riemannian metric g and in particular its scalar curvature R satisfy the asymptotic evenness conditions specified by Regge and Teitelboim [RT74] . This was proved by Huang [Hua10a] (in dimension n = 3) and Eichmair and Metzger [EM12] (for n ≥ 3).
At the level of the Newtonian potential U , a critically decaying matter density ρ = O(r −4 ) of mass m > 0 gives rise to an asymptotic expansion of the form
by classical potential theory. The term − m r is harmonic and arises as the potential of a spherically symmetric (or point) source of mass m centered at the origin 0. In the relativistic setting, a corresponding natural asymptotic decay assumption on a Riemannian metric g is to be asymptotic to the spherically symmetric Riemannian Schwarzschild metric , we find that the Euclidean coordinate centers of the CMC-leaves oscillate as the surfaces approach infinity for appropriate choices of f , see Section 5. In this setting, we use an 'artificial' spacetime which probably has no physical significance; in particular, we do not specify the remaining data (K, ρ, J) needed to represent an initial data set.
The second class of examples arises as time-slices in the Schwarzschild spacetime (7), in particular as bounded graphs over the canonical time-slice {t = 0}. As the Schwarzschild spacetime satisfies Einstein's vacuum equation -i. e. Equation (3) with T ≡ 0 and hence ρ ≡ 0, J ≡ 0 -, and thus also the dominant energy condition (2), these examples do seem physically relevant. However, the time-slices we study may seem somewhat artificial and definitely do not correspond to a conventional family of observers near infinity, see Section 6.
In Section 3, we provide similar examples in the framework of Newtonian gravity. These demonstrate that the observed divergence effect is not a deficiency of the definitions of the ADM-and the coordinate CMC-centers of mass in GR but a natural effect that one should expect to occur for any notion of center of mass modeled upon Newtonian ideas. In particular, the described effect should occur for any (coordinate) notion of center of mass the Newtonian limit of which coincides with the Newtonian center of mass, see above.
As far as we know, these examples are the first examples of asymptotically Schwarzschildean Riemannian metrics with divergent ADM-and in particular the first examples with divergent coordinate CMC-center of mass. Moreover, we do not know of any other examples where a critical order deviation from a given asymptotically flat metric gives rise to divergence of the center of mass. Explicit examples of asymptotically flat Riemannian metrics with divergent ADM-center of mass have been constructed by Beig and O'Murchadha [BM87] and extended by Huang [Hua10b] . These examples satisfy Einstein's vacuum equation. Their CoM diverges due to a term of order higher than the critical one considered here. Chen, Huang, Wang, and Yau recently announced related examples of initial data sets with diverging ADM-center of mass arising as graphical time-slices in the Schwarzschild spacetime [CHWY13] ; however the time-slices considered there are not bounded and the induced Riemannian metrics are not asymptotically Schwarzschildean and not of critical order in our sense.
1.5. Systems with prescribed CoM. The center of mass of a spherically symmetric isolated gravitating system lies at the coordinate origin 0 both in NG and for the Riemannian Schwarzschild metric (7) in GR. However, by merely translating the asymptotic coordinates x by a fixed vector z, i. e. by using new asymptotic coordinates y . .= x+ z, one can shift the coordinate center of mass to any prescribed position z. In NG, such a coordinate translation affects the Newtonian potential
while the matter density ρ is not affected at the critical order r −4 ≈ s −4 (because the new term is harmonic). Similarly, in the relativistic setting, a coordinate translation changes an asymptotically Schwarzschildean Riemannian metric g with asymptotic coordinates x,
to another (but isometric) asymptotically Riemannian metric
with respect to the translated coordinates y, s . .= | y|, and the Euclidean metric δ. The change occurs at the critical order r −2 ≈ s −2 . The scalar curvature is not affected at the critical order r −4 ≈ s −4 (as the contribution of the new term cancels).
For given m > 0 and z ∈ R 3 , one can reinterpret the above consideration by saying that the asymptotically Schwarzschildean Riemannian manifold (M 3 , g, x ) defined by
z · x r 3 δ ij is a metric of prescribed mass m and ADM-and coordinate CMC-center of mass z. This metric deviates from the Riemannian Schwarzschild metric at the critical order r −2 but the change has no effect at the corresponding critical order r −4 of the scalar curvature, see [Ced12, Sec.3 .3]. We will construct asymptotically Schwarzschildean Riemannian metrics with prescribed mass m > 0 and ADM-and coordinate CMCcenter of mass z such that the deviation from the Schwarzschild metric and the scalar curvature of the metrics decay at the critical rates r −2 and r −4 , respectively, see Section 7. Again, we construct a first example by modifying the Riemannian Schwarzschild metric by a certain multiple of a suitably chosen York tensor. A second example arises as a suitably chosen bounded time-slice of the Schwarzschild spacetime. We present a similar construction in the Newtonian setting, underlining that this is a natural effect to be expected of isolated gravitating systems.
Corvino [Cor00] , Corvino and Schoen [CS06] , and Huang, Schoen and Wang [HSW11, Cor. 5.3] have also constructed suitably asymptotically flat metrics with prescribed mass and center of mass. Their metrics arise as essentially conformally flat solutions to the vacuum Einstein constraint equations. Recently, Chen, Huang, Wang, and Yau announced examples of initial data sets with prescribed ADM-center of mass which arise as unbounded not asymptotically Schwarzschildean graphical time-slices in the Schwarzschild spacetime [CHWY13] . None of these examples are of critical order in our sense.
In the description of the explicit examples as well as in the O-notation introduced in Section 2, we disrespect physical units for notational simplicity. To remedy this problem, one can replace the radial coordinate r (or the foliation parameter σ) by r /r0 (or σ /σ0) for a fixed radius r 0 > 0 (or parameter σ 0 > 0, respectively).
Structure of the paper. In Section 2, we introduce the relevant notations and define the asymptotic decay we will work with. In Section 3, we quickly review the relevant facts and definitions from Newtonian gravity. We then discuss the delicate influence of the decay of the matter density ρ of an isolated gravitating system on the convergence of the center of mass (volume integral). The discussed results are well-known; however, we provide explicit examples which will enable us to highlight the similarities to the relativistic situation. The first class of relativistic examples is presented in Section 5, the second class in Section 6. Finally, we construct explicit examples of isolated gravitating systems of critical decay with prescribed mass m > 0 and center of mass z in Sections 7.1 (Newtonian example), 7.2 (first relativistic example), and 7.3 (second relativistic example). We summarize the examples and the different notions of mass and center of mass discussed in this paper in a table on page 19.
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Notation and decay conditions
The contemporary literature knows several different types of decay conditions for isolated gravitating systems. We will use pointwise assumptions. Others assume Sobolev regularity, i. e. they assume that g − m g and g − δ lie in specific weighted Sobolev spaces 1 or satisfy certain symmetry conditions such as the ReggeTeitelboim conditions 2 . We note that the decay assumptions satisfied by our examples are stronger. In particular, the corresponding Sobolev assumptions hold. We expect that our examples can be generalized to higher dimensions n ≥ 3.
We use the following O-notation corresponding to pointwise inequalities.
Notation 2.1. Let (M 3 , g) be a Riemannian manifold, R 0 > 0 a fixed radius, and
\L, where r( x ) . .= | x| denotes the Euclidean distance to the coordinate origin 0. Similarly, we write
We will use the same notation for tensor fields, replacing partial by covariant derivatives and absolute values by tensor norms induced by g. Moreover, we will use this notation in the context of foliations near infinity, replacing the radial coordinate r by the foliation parameter σ.
Let us now quickly recall the Schwarzschild spacetime. The Schwarzschild spacetime is the oldest known non-trivial solution of Einstein's (vacuum) equation (3) with T ≡ 0. It describes the spacetime exterior region of a spherically symmetric star or a spherically symmetric black hole. In the context of isolated gravitating systems, one mostly considers the Riemannian Schwarzschild time-slice {t = 0}. As there are different definitions of 'asymptotically Schwarzschildean Riemannian manifolds', we now precisely describe the asymptotic assumptions we make. 
The center of mass in Newtonian gravity
Isolated gravitating systems are systems with matter distributions that decay suitably fast at infinity. In NG, the relevant decaying quantity is the matter density ρ : R 3 → [0, ∞) of the system (at one instant of time). Alternatively, one can ask for suitable decay of the Newtonian potential U solving the Poisson equation (1). The total mass m of the system is then given by the volume integral
while its total center of mass z is defined as the (Euclidean) volume integral
whenever the system is non-empty, i. e. m > 0. Clearly, the mass and center of mass integrals converge only when ρ decays suitably fast, e. g. when ρ decays faster than r −4 . Alternatively, they converge when ρ decays faster than r −3 and is asymptotically even in the sense that its odd part
decays faster than r −4 while its even part
In terms of the O-notation introduced in Section 2, this can be rephrased as follows. 
. The corresponding center of mass is well-defined (in the sense of indefinite Riemann integrals in spherical polars) provided that
Proof. When ρ = O(r −4−ε ), the claim follows from Lebesgue's theorem on dominated convergence. Otherwise, we computê
for all R > 0, where B R (0) denotes the open ball of radius R centered at the origin. Using the assumption of asymptotic evenness, we find that the right hand side of this converges as R → ∞, again by Lebesgue's theorem. This implies that the center of mass is well-defined.
In particular, non-empty isolated Newtonian systems with even matter density (i. e. ρ odd ≡ 0) or even purely radial matter density ρ = ρ(r) have a well-defined center of mass under the weaker decay condition ρ = O(r −3−ε ). This decay corresponds to the relativistic Regge-Teitelboim conditions, see page 7.
Our matter becomes more delicate when ρ = O(r −4 ): While the center of mass can still converge in this case -e. g. if ρ is even or purely radial or has compact support -, it need not as the example
Here, u ∈ R 3 \ {0} is an arbitrary fixed vector and x · u denotes the Euclidean dot product. The sole purpose of the term | u| is to achieve nonnegativity of ρ. This divergence effect is well-known in probability theory as the existence of probability distributions 'without expected value' or 'with undefined moments', e. g. the (one-dimensional) Cauchy-or Lorentz-distribution.
To further the analogy between NG and GR, it is useful to rewrite the volume integrals defining mass and center of mass of a system with density ρ in terms of Finally, the standard asymptotic expansion (6) of the Newtonian potential U ensures that the level sets of U foliate a neighborhood of infinity when m = 0. Moreover, the leaves -which are called equipotential surfaces -become asymptotically round spheres centered at z, [Ced12, p. 48] . The Euclidean coordinate center of this foliation coincides with z. We will a-historically call this foliation the abstract Newtonian center of mass in analogy to the abstract CMC-center of mass discussed in the introduction and in Section 4.
In Section 7.1, we construct a matter density ρ = O(r −4 ) with arbitrarily prescribed mass m > 0 and center of mass z, see also Figure 1 .
The center of mass in general relativity
In general relativity, the ADM-mass m of an isolated gravitating system modeled as an asymptotically decaying initial data set (M 3 , g, K, ρ, J) or an asymptotically Schwarzschildean Riemannian manifold (M 3 , g) is defined as follows. 
where dA denotes the measure induced on the coordinate sphere S 2 r ( 0) by the Euclidean metric δ.
The precise asymptotic decay necessary for defining the ADM-mass was discussed by Bartnik [Bar86] and Chruściel [Chr88] ; the decay we assume here is by far more restrictive. We will abbreviate the ADM-mass of a system (M 3 , g, x ) by m and will from now on assume that it is strictly positive.
We will now introduce the essential notion of the Euclidean coordinate center of a surface. In Euclidean geometry, any closed surface Σ → R 3 has a 'Euclidean coordinate center' z E (Σ) defined by
where dA denotes the measure induced on Σ by the Euclidean metric δ. Picking a fixed system of asymptotically Schwarzschildean coordinates x :
), this definition can be extended to closed surfaces Σ → M 3 \ L. We will also call these 'Euclidean centers' and denote them by z E (Σ). 
where σ A denotes the measure on σ Σ induced by the metric g. As this does not make a difference, we will stick to the easier concept of Euclidean centers.
The first geometric foliation used for the definition of a center of mass in general relativity is the foliation of (M 3 , g) near infinity by stable spheres with constant mean curvature introduced by Huisken and Yau. Existence and uniqueness of this so-called CMC-foliation was first proved by Huisken and Yau [HY96] in dimension three for C 4 -asymptotically Schwarzschildean Riemannian manifolds of order 1 + ε = 2. Subsequently, Metzger [Met07] , Huang [Hua10a] and Eichmair and Metzger [EM12] weakened the decay and regularity assumptions on the metric. In particular, such a CMC-foliation exists and is unique for any C 2 -asymptotically Schwarzschildean Riemannian manifold of order 1 + ε > 1.
Whenever the coordinate center of the CMC-foliation of (M 3 , g) exists in an asymptotic coordinate chart x, we call it the coordinate CMC-center of mass of (M 3 , g, x ) and denote it by z CMC . The ADM-center of mass is defined as follows [ADM61] , [BM87] .
Definition 4.4 (ADM-center of mass). The ADM-center of mass
(whenever the limit exists), where all indices are raised and lowered with respect to the Euclidean metric δ.
It is well-known that the coordinate CMC-center of mass of a given asymptotically flat Riemannian metric (M 3 , g, x ) converges and coincides with the ADMcenter of mass if the Regge-Teitelboim conditions hold, so that, in particular, the scalar curvature is asymptotically even, see Huang [Hua10a] and Eichmair and Metzger [EM12] . As proven by the second author [Ner13, Cor. 4.2], the same is true in the setting of a C 2 -asymptotically Schwarzschildean Riemannian manifold (M 3 , g, x ) -without symmetry assumptions on the scalar curvature -, if the coordinate CMC-or the ADM-center of mass converges. Whenever one and thus both of them are well-defined, they coincide.
Divergent examples related to motion
In this section, we construct examples of asymptotically Schwarzschildean Riemannian manifolds (M 3 , g, x ) for which the coordinate CMC-center of mass is not well-defined, i. e. the Euclidean centers of the leaves σ Σ, σ z E , do not converge along the CMC-foliation. Therefore, the ADM-center of mass is not well-defined either 
holds, where Π . .= trB δ − B and tr denotes the trace with respect to the Euclidean metric δ.
Remark 5.2. We recall that the ADM-linear momentum P ADM ∈ R 3 of a suitably decaying initial data set (M 3 , g, K, ρ, J) is defined by
where Π = trK g − K is the momentum tensor field of the initial data set [ADM61] . Thus, the first term in the integral in (13) has to be understood as an approximate linear momentum, while the second term is an error term due to the approximation. This is explained in more detail in [Ner13,  
, where we dropped the index E for notational convenience. In particular, we find
where 
if we assume B = O 2 (r −1−ε ). By a simple integration, the identity
holds asymptotically for any B = O 2 (r −1−ε ). Thus, the coordinate CMC-center of mass is well-defined if and only if (15) converges as σ → ∞. Let us now choose suitable tensor fields B = O 2 (r −1−ε ) to get the desired examples. Motivated by York's example of a momentum tensor field Y = O ∞ (r −2 ) with prescribed ADM-
Recall that the York tensor is given by
Again, we raise and lower indices with respect to the Euclidean metric δ. We find tr t B = O k (r −2−ε ) as well as
Therefore, we conclude that
whenever this limit exists.
In particular, by choosing t = 1 as well as the specific functions f (r) . .= sin ( ln r) and f (r) . .= r 1−ε with ε ∈ ( 1 /2, 1), we get examples of C ∞ -asymptotically Schwarzschildean manifolds (R 3 \ B R ( 0), g, x ) of order 2 and 1 + ε, respectively, for which the coordinate CMC-center of mass (and therefore the ADM-center of mass) do not exist. ), see 2.2. As the effects we exploit have nothing to do with spherical symmetry or staticity, similar examples can be constructed in many spacetimes (e. g. in any time-symmetric one (K ≡ 0) with compactly supported or suitably decaying matter distribution).
Clearly, the center of mass of the canonical time-slice {t = 0} of the Schwarzschild spacetime is the coordinate origin, z ADM = z CMC = 0. Other time-slices of the Schwarzschild spacetime can serve as a guideline for gaining a better understanding of how different families of observers near infinity perceive the spacetime and its center of mass, in particular.
Here, we will focus on what we call graphical time-slices T M 3 arising as graphs of smooth functions T :
To most easily comply with the asymptotic decay conditions specified in Section 4, we will assume that T = O k (r 0 ) as r → ∞, with k ≥ 3. Let y i . .= x i |T M 3 denote the induced coordinates on Again, we will treat the Newtonian case first in Section 7.1, followed by relativistic examples based on an understanding of the motion of the CMC-center of mass, see Section 7.2, and by one arising as a time-slice in the Schwarzschild spacetime, see Section 7.3. As above, all examples necessarily rely on a violation of asymptotic evenness in the spirit of the Regge-Teitelboim conditions. 
